This paper presents a simple digital control applied to a low inductance 5 kW/48 V three-phase brushless DC motor. Controlling the VSI as a full-bridge converter allowed the use of unipolar switching strategy, increasing the output equivalent frequency up to 100 kHz. The aforementioned strategy has made it possible to control the three-phase currents using a single deadbeat controller without a back-EMF feedforward compensation. Stability analysis is performed to show that the proposed current control presents good transient response under reasonable parametric variations, as well as zero steady-state error. Precise regulation with no overshoot was obtained using an IP controller to regulate the motor speed. Experimental results are presented to validate the theoretical analysis and to compare with a conventional PI compensator and a predictive controller.
I. INTRODUCTION
Owing to its advantages as high efficiency, long lifetime, low noise and good speed-torque characteristics, Brush less DC motors (BLDC) holds a great share in applications such as household equipment, industries, aerospace and automotive [1] . In relation to the latter category, when BLDC motors are used to drive electric vehicles (EV), they present a good technical superiority when compared with DC, induction and switched reluctance motors [1] , [2] .
Regardless their lower volume and weight, which are interesting features for embedded applications, they present low inductance values, resulting in large current and torque ripples [3] , [4] which may cause heating, vibration and irreversible demagnetization in the permanent magnets [5] . In order to overcome the aforementioned issues, different converter topologies have been investigated in literature, The associate editor coordinating the review of this manuscript and approving it for publication was Dwarkadas Pralhaddas Kothari. usually switched at high frequencies, including series inductors or cascaded converters [4] , [6] - [9] .
Another challenge, which arises due to the motor's low inductance, is the design of current controllers. To ensure precise tracking over a wide range of the motor speed, the controller must present the highest achievable bandwidth, shortening the transient. Concerning the control, there are in the literature a large number of techniques applied to BLDC. It goes from classical linear controller to non-linear approaches. Hysteresis [10] , [11] and proportional-integralderivative (PID) type controllers [12] - [14] are largely employed due its implementation simplicity. However, some issues as variable switching frequency and slow transient response, respectively, limit their application. In order to achieve better performance, more complex control strategies, as well as, modulation techniques [15] has been developed. It can be cited for instance, non-linear controllers as variable structure control [16] , fuzzy [17] , artificial neural network [18] , feedback linearization [19] and backstepping control [20] . Recently, digital predictive controllers applied to power electronics has draw a lot of attention due its fast transient response, precise current control and full compatibility with digital signal controllers [21] - [24] .
Among the predictive controllers there is the deadbeat controller [25] . This controller consists on placing all the poles of the compensated system at the origin of the z-plane, resulting in the fastest achievable response. In order to reach this performance a precise model of the motor and power converter is required. On the other hand, if there are parameters mismatches in the model, significant differences in the time response, steady-state error, oscillations or overdamped transients may occur [7] , [26] . Besides that, nonlinearities compensation is very difficult when dealing with deadbeat controller [27] .
In sense to reduce the steady-state current error due inaccuracies and non-ideal inverter behavior, a modified predictive current controller including an integrator is proposed in [26] . Despite the fact that integral action eliminates the steady-state error, its time constant drastically affects the currents dynamics, slowing the transient response. Furthermore, if small time constants are used, the system's stability margins may become unreasonable. In [28] this idea applied to a BLDC motor. The slower transient behavior due to the integrator can be clearly observed.
In [7] a predictive current controller with driver parameters compensation is proposed. In spite of the fast response and reduced tracking error, the control law depends on the experimental measurement of parameters as blanking time, pulse drive delay time, semiconductor switches voltage drop and sampling delay. Mismatches in these parameters may affect the current error.
Based on the previous analysis this paper proposes a deadbeat current controller to achieve the highest bandwidth ensuring precise tracking over a wide range of the motor speed. It will be shown that due to the integral action and controller's robustness, the time response presents a good transient behavior and zero steady-state error, even under parametric variations.
The contributions of this paper are the following: i) The design of an effective, with reduced number of loops, digital control of a variable-speed low inductance BLDC motor drive. A deadbeat current controller with integral action taking into account only the computational delay is used to this end. This controller ensures robustness under model mismatches without the need of driver's parameters knowledge. Moreover, it is shown that a feed-forward compensation of the back-EMF is not needed, simplifying even more the implementation. ii) Reduce the current ripple, without the need to connect any additional series inductance or converter stages.
iii) The design of digital integral-proportional (IP) controller to regulate the motor speed guaranteeing a good transient behavior without overshoot.
In this way, this work is organized as follows. In Section II the BLDC motor drive and the simplified ''pseudo'' current are presented. As will be seen, the current flows only through two phases of the motor at each regular interval of 60 • . This feature simplifies the current controller and allows the use of the unipolar PWM pattern increasing the output equivalent switching frequency. Section III presents the modeling of the BLDC motor. Section IV addresses the design of the deadbeat current controller. The system stability is analyzed under uncertainties on the motor's parameters. The laboratory prototype is presented and the experimental results are used to validate the theoretical analysis. In Section V the speed response is approximated by a first order system and an IP controller is used to regulate the speed. Section VI presents some final considerations. Figure 1 shows the schematic diagram of the BLDC motor drive based on a three-phase, two level voltage source inverter (VSI). The back electro-motive force (back-EMF) are represented by the voltage sources e an , e bn and e cn , while R and L are the resistance and inductance of the BLDC phase winding, respectively.
II. BLDC MOTOR DRIVE
The ideal back-EMF and current in each phase are depicted in Figure 2 . Notice that the back-EMFs are trapezoidal shaped while the currents have rectangular like waveform. This combination increases the power density and torque in about 15% for the same current level, avoiding pulsating torques on the shaft. This feature not only makes the BLDC suitable for small scale EV, but also simplifies the position sensors placement in the machine stator [3] . The last advantage is due the fact that only six different rotor positions must be identified.
As a result of the current shape, only two phases conduct simultaneously as highlighted in Figure 2 . Considering that during each π/3 rad the current flows only by two phases of the motor, it is not necessary to design three but only one current controller. That is, only the following current should be controlled.
where i p is the magnitude of the ''pseudo'' current which flows through the VSI [7] , [29] - [31] . Moreover, thanks to the aforementioned characteristic, it is possible to control the VSI as a full-bridge converter, allowing the use of unipolar PWM pattern. The great advantage of this strategy is that the output voltage is switched with a frequency two times higher than the switching frequency of each transistor [32] . Figure 1 and applying the Kirchhoff's law, the following dynamics can be written for the VSI output ''pseudo'' current
III. MODELING

Based on
where v L ∈ {v ab , v bc , v ca } and e L ∈ {e ab , e bc , e ca } are the inverter's output and back-EMF line-to-line voltages, respectively.
Applying the zero-order hold (ZOH) [33] to discretize (2), the following representation is obtained,
where
and T s is the sampling period. Assuming that the time delay between the sampling and the PWM update is equal to the sampling period, the augmented state-space model of the system is given by
Based on (6) and (7) it is possible to obtain the following output/input and output/disturbance transfer functions, respectively
The output/input transfer function will be used in the next section to design the digital controller. On the other hand, the output/disturbance transfer function will be used to further evaluate the influence of the disturbance on the current regulation.
IV. DEADBEAT CONTROL DESIGN
In contrast to continuous-time exponential convergence, discrete-time controllers can be designed to track the reference signal without steady-state error after a finite time and follow it exactly thereafter. In deadbeat control, an effort is made to reach the set-point as quickly as possible and stay there, reducing the error to zero in a few samples. However, the minimum time required to reach the set-point, is the dead-time of the system, that is, the intrinsic delay of the system which cannot be compensated [34] . According to the previous features, the deadbeat controller is the fastest achievable digital control, which makes it a suitable strategy for high performance variable speed drives. Figure 3 depicts the control block diagram, where the inverter is modeled by the V dc gain. A delay z −1 is introduced to model the intrinsic computational processing period. C db (z) is the deadbeat controller to be designed. The back-EMF E L represents a disturbance which can be compensated using a feed-forward action. The control signal V L is normalized using the voltage at the DC-side to obtain the modulation index m. Moreover, the normalization also reduces the effect of V dc fluctuations in the output current.
Based on Figure 3 , the following closed-loop output/reference, sensitivity and output/disturbance transfer functions can be written, respectively
Solving (10) for C db yields
If the closed-loop transfer function C l (z) is chosen as z −k , where k depends on the system, the controller is called deadbeat. As a consequence, it can be designed as
. According to the transfer function P(z) given in (8), the minimum value of k is 2. Therefore, substituting k = 2 into (14), the controller reduces to
Notice that the controller includes a pole at z = 1, which presents a practical advantage. This integral action will asymptotically drive the error to zero even if there is parametric uncertainty. It is also worth noting that the deadbeat controller includes the inverted plant model. Therefore, an extra care should be taken if the plant has not minimum phase or slightly damped zeros. This is due the fact that the zeros will become the controller poles, leading to instability or high oscillatory response [33] . For the specific case under study, as the plant does not have zeros, the methodology can be directly applied, resulting in the fasted possible controller without hidden oscillations. The influence of parametric uncertainty is addressed in the next section.
A. STABILITY ANALYSIS UNDER PARAMETRIC UNCERTAINTY
The main concerns when dealing with deadbeat controller are stability and performance under parametric variation. This is due the fact that the controller design is highly dependent on the exact knowledge of the plant's parameters.
The stability analysis may be performed based on the close-loop transfer function given in (10) and the deadbeat controller (15) . If the motor's inductance and resistance are exactly known, C l (z) reduces to z −2 (deadbeat, as designed) presenting a Gain Margin (Gm) equal to 6.02 dB, a Phase Margin (Pm) of 60 • and a maximum value of the sensitivity transfer function of S(e jωT s ) ∞ = 1.99. Those stability margins are usually considered reasonable [33] , [35] . However, the assumption that the parameters are exactly known or that it will not vary, is an unrealistic assumption. Therefore, an analysis under parametric uncertainty should be performed to set stability boundaries.
Consider for instance that the inductance L c and the resistance R c used to design the deadbeat controller differ from the real values L and R. Consequently, the closed-loop transfer function becomes
where c and c are the values obtained from (4) and (5) respectively, using L c and R c instead of L and R, respectively.
The conditions for stability of (16) can be found using the Jury's Stability Criterion [33] . Applying the aforementioned criterion, results in three complicated inequalities in L, R, L c , R c and T s . This complexity makes it quite difficult to find a reasonable relation among the real values and the ones picked for the controller. Still, if the resistance is neglected, which does not leads to poor approximation (as will be shown later on), a simple relation can be found. Neglecting the resistance, means to take the limit of the inequalities when R → 0 and R c → 0 resulting in the following single inequality
which means that if 0 < L c < 2L the stability is ensured.
Since the transfer functions C l (z) and C d (z) have the same poles, if the condition (17) is satisfied, the system will be stable as long as the disturbance E L is bounded. According to previous analysis, the system will only become unstable if L c > 2L. Fact which does not occur because the uncertainty will not be this large. For this reason, it is important to check whether the time response will be acceptable when there are reasonable parametric errors. This may be performed evaluating the closed-loop poles behavior, as depicted in Figures 4 and 5 . Notice that the variation of the resistance value does not have a significant influence on the poles locations as shown in Figure 4 . Consequently, it can be neglected when dealing with stability analysis as done before. On the other hand, variations on the inductance leads to a noteworthy change on the poles locus, as can be clearly seen in Figure 5 . Take into consideration that when L < L c , the poles moves away from the origin becoming less and less damped until the stability limit L = L c /2 is reached, where there is no damping. The root locus confirms the analysis performed before using Jury's stability criterion.
It is also important to check the stability margins for reasonable parametric uncertainty. Therefore, in Table 1 the stability margins for L c = [0.5L, L, 1.5L] are shown. Notice that when L c < L the stability margins are enhanced. As a consequence, since S(e jωT s ) ∞ decreases, the system damping increases resulting in a more damped response. On the other hand for L c > L, S(e jωT s ) ∞ increases and the system becomes less damped. This is in accordance with the poles locus analysis.
Based on the previous analysis it can be concluded that even if there are mismatches between the parameters used to design the controller and the real ones, the time response will not drastically change and the stability is ensured as well as good stability margins.
To validate the theoretical analysis, preliminary experimental results are shown in the next section. 
B. EXPERIMENTAL VERIFICATION
In order to evaluate the time response of designed current controller a prototype was built. The BLDC motor is depicted in Figure 6 , whose main parameters are detailed in Table 2 . The experimental setup uses DC generator to emulate a variable load. The inverter and the auxiliary circuitry used to control the motor are shown in Figure 7 .
Substituting the inductance and resistance values given in Table 2 into (4) and (5), and afterwards into (8) and (9) yields where the sampling frequency f s is 50 kHz. The deadbeat controller given in (15) can be rewritten as
Once the controller is designed, the control law depicted in Figure 3 is implemented using a DSP TMS320F28335. The behavior of the i p (t) current for a step change on the reference signal from 15 to 20 A under three different conditions is shown in Figure 8 . It can be clearly seen in Figure 8 (a) that when the inductance used to design the controller is equal to the motor's one, the time response is deadbeat as designed.
On the other hand, when L c < L the response is overdamped as shown in Figure 8 (b) . In the case in which L c > L (Figure 8 (c) ) the system becomes underdamped. This experimental results are in accordance with the theoretical analysis performed in section IV-A.
The three-phase currents in steady state are depicted in Figure 9 . Notice that the currents present the same shape of the ideal currents shown in Figure 2 . Moreover, this result proves that it is possible to control the three-phase current through the pseudo current, using a single controller. Another important feature is that the waveforms present low switching ripple due to the chosen switching strategy. The unipolar PWM leads to a inverter's output voltage switched with twice the switching frequency of each IGBT. That is, while the switching frequency of each transistor is 50 kHz, the frequency of the output voltage is 100 kHz. This advantage is really important when dealing with low inductance BLDC motors.
It is also important to check whether it is necessary to compensate the back-EMF. Figure 3 presents how a feedforward action can be used to mitigate the effects of E L . In practice, due to the fringing effect, the back-EMF has the rounded corners differently of the Figure 2 [36] . Thus the voltage amplitude E L is not flat, but a function of the speed and position rotor. The back-EMF can be compensated by measuring and storing the points of the back-EMF waveform. Afterward, the waveform of the voltage E L can be obtained by the position and speed of the rotor.
The current step response with and without back-EMF compensation are shown in Figure 10 and 11, respectively. Notice that there is no significant improvement on the time response. This can be explained by the fact that the controller's integrator rejects the back-EMF as a disturbance.
Take for instance the closed-loop transfer function between the current I p and the back-EMF given in (12) , rewritten in (21) using the experimental parameters.
Observe that there is one pole of (21) which is not at the origin, meaning that the response related to the disturbance is not deadbeat. As a consequence the plant's pole z = 0.9917 dominates the response. The time constant of the dominant pole is approximately 2.4 ms. Therefore in about five time constant the disturbance is completely rejected due the zero at z = 1. That explains why the response with and without back-EMF compensation are almost the same. Based on the previous analysis, there is no need to compensate the back-EMF. This fact makes the implementation even simpler.
In order to contrast the performance and features of the proposed controller, its time and frequency responses can be compared with other control strategies. Take for instance a discrete-time PI controller
As a PI controller cannot boost the system's phase, only reduce it, the maximum bandwidth (consequently the minimum settling time) is limited by the plant's open-loop characteristic. Therefore, one of the fastest achievable closedloop response can be obtained by choosing k p,i = 0.4647 and k i,i = 0.0492. Those gains were designed to ensure fast response with reasonable stability margins of Gm = 9.14 dB, Pm = 45.6 • and S(e jωT s ) ∞ = 1.72. Figure 12 depicts the frequency response of the plant and the open-loop compensated system with the PI controller. As can be seen, if the crossover frequency is increased, aiming to accelerate the response, the stability margins are reduced resulting in a system with poor robustness characteristics.
For comparison purposes, Figure 13 shows the time response for a reference step from 15 to 20 A. In order to better analyze the figures of merit of the output behavior, the experimental data was collected and plotted in Matlab. A moving average filter with a period equal to T s was applied to visualize the average values of the switched i p current, whereī p is the filter output. Notice that the settling time for the PI controller is around 0.8 ms. This response is around 10 times slower than the deadbeat one, as can be clearly seen in Figure 13 . Furthermore, it presents an overshoot of around 16%, while when the deadbeat is used the system settles without overshoot.
Based on the previous analysis, the comparison between the deadbeat and a PI controller is unfair and we will not make further comparisons. On the other hand, the predictive control can settle the system as fast as the deadbeat, making it a good candidate for comparison purpose. Therefore, the predictive controller designed in [7] was also implemented.
According to [7] , the converter's output line voltage, taking into account the delay, is given by
Substituting (23) into (6), the steady-state value would present a theoretical error of 0.83% since the resistance was neglected. This error is really small, and in fact can be ignored. Moreover, the transfer function of the current I p (z) regarding the reference I * p (z) is equal to z −2 . The same as the deadbeat controller. This means that the predictive controller can settle the system as fast as the deadbeat.
However, on the other hand, if the feed-forward action used to compensate the effects of the back-EMF e L is not used, the transfer function that relates the output current and the disturbance becomes
The transfer function (24) was obtained substituting (23) into (6) . Notice that due the absence of a zero at z = 1, the closedloop system is not able to completely reject the disturbance. Therefore, there will be a steady-state error. As a consequence, the predictive controller cannot be implemented without feed-forward action. Fact that does not happen when the proposed controller is used, as proved by Figure 10 . Figure 14 depicts the time response under a step in the reference from 15 A to 30 A, using the control law given by (23) . It is clear that there is a steady-state error of around 5 A. This is due to the nonlinear effects such as blankingtime, voltage drops on the semiconductor switches and delay time of pulse driver [7] . As the predictive controller does not present an integral action, the way to eliminate the steadystate error is to compensate for this these effects, resulting in the following modified control action where T BT , T DD , T SD and V G are the blanking time, pulse drive delay, sample delay and voltage drop on the switches, respectively.
Applying the control law (25) , the current response to a step in the reference can be seen in Figure 15 . Notice that the steady-state error is eliminated. However, the great disadvantage of this technique is that the parameters T BT , T DD , T SD and V G must be obtained experimentally. Moreover, the back-EMF must be compensated through a feed-forward action in order to achieve zero steady-state error. On the other hand, none of the aforementioned compensations are needed when the proposed controller is used, as shown in Figure 10 , simplifying considerably the design and implementation.
V. SPEED CONTROL
The main goal of the drive is to control the EV speed. In this way, an outer speed control loop must be designed. The first step toward this end is to obtain the transfer function which relates the current i p and the speed w. The transfer function parameters can be estimated based on experimental data. Figure 16 shows the speed response for a current step. The current is reference is changed from 15 A to 30 A. Owing to its fast convergence, the inner current loop dynamics can be neglected. Therefore, the speed dynamics can approximated by the following first order system
The parameters a and b can be obtained using an estimation method, least-square for instance [33] , [34] . For the motor under study, those parameters are found to be a = 0.99997 and b = 3.33715×10 −4 . The comparison between the experimental result and the estimated plant is depicted in Figure 16 . It can be clearly seen that the dynamics are close related. Consequently, the model is accurate enough to the purpose under study. Once the plant's model is obtained, the outer loop can be designed. Figure 17 depicts the proposed speed control. As mentioned before, due to the fast response of the inner deadbeat current controller, its transfer function is considered ideally equal to one.
In most applications, the speed regulation is performed using a Proportional-Integral (PI) compensator [37] . Although this controller eliminates the steady-state error, the time response presents an overshoot, even if both poles are choosing with unitary damping. The overshoot is caused by the relatively low frequency zero added by the controller. This issue can be avoided using a modified version of the PI, called Integral-Proportional (IP) compensator.
The block diagram of an IP controller is highlighted in Figure 17 . The main difference between the PI and IP controllers is that the proportional gain does not directly process the reference. Therefore, if there is a step change in the reference, it is not straight transmitted to the output. Consequently, the overshoot is reduced and the actuator does not saturate, which may occur when PI controllers are employed, depending on the reference value.
Based on Figure 17 the following speed closed-loop transfer function can be written
It must be pointed out that the only zero at the origin does not contribute to the overshoot. As a consequence, if the poles damping are chosen equal to unit, the time response will not present an overshoot.
Comparing the poles of (27) with a canonical second order transfer function represented by the polynomial 
it is possible to calculate the IP controller's gains based on the damping ratio ξ and the natural frequency ω n as
Choosing ξ = 1 and ω n = 2.3 rad/s the gains are found to be k p = 0.2113 and k i = 2.9994 × 10 −5 . The previous gains results in a settling time of around 2 s.
A. EXPERIMENTAL VERIFICATION
In order to evaluate the effectiveness of the designed speed control, the outer loop shown in Figure 17 is implemented. The speed behavior under step changes in the reference is depicted in Figure 18 and 19 . Notice in the details, that the system responds exactly as designed. That is, there is no overshoot and it settles in about 2 s.
To complete the analysis, the systems is tested under load steps. Figure 20 shows the speed response for load variation.
It is clear the systems rejects the disturbance in 2 s, presenting maximum/minimum over/undershoot of about 100 rpm.
VI. CONCLUSION
This paper has presented a simple digital control applied to a low inductance 5 kW/48 V three-phase brushless DC motor. Controlling the VSI as a full-bridge converter allowed the use of unipolar switching strategy, increasing the output equivalent frequency up to 100 kHz. Furthermore, it was possible to employ a single deadbeat controller to control the threephase currents. Due to the integrator on the deadbeat transfer function a zero steady-state error without the need of back-EMF feed-forward compensation was achieved. Moreover, it was shown that the system presents a good robustness level against model uncertainty. The performed analysis have shown that current control presents good response under reasonable parametric variations. Precise regulation with no overshoot was obtained using an IP controller to regulate the speed. Experimental results were presented to validate the theoretical analysis and have shown the advantages of the proposed controller over the PI and predictive control laws.
